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School of Industrial and Systems Engineering
Georgia Institute of Technolugy

Atlanta, Georgia 30332

ABSTRACT

A reviev of procedures for designing acceptance During the last 20 years, considerable re-

sampling plans and process control schemes according search has been devoted to the use of economic cri-
to economic criteria is given. The use of nonsta- tern to design acceptance sampling plans and pro-
tiscical criteria to design these procedures has cess control schemes. This paper gives an overview
been the subject of considerable research, and a of the major developments and approaches. Some
number of different process models and procedures comparison of the different approaches to model
have been developed. A comparison of the major ap- formulation and a discussion of the practical isple-
proaches to model formulation and design, and a dis- mentation of these techniques is also given.
cussion of the practical Implementation of these
tecloiques is the primary focus of this paper. ECONOmIC HODELING AND PROCESS CONTROL

IWTRODUCTION The Shewhart control chart is probably the most
widely used process surveillance device. To design

Acceptance sampling and process control are the a control chart, we mst choose the sample size (n),
primary statistical techniques used in a quality the control limit (k, the multiple of o), and the
asmurahce program. These techniques have found wide interval between sample* (h hours). Despite the
application in industry, particularly in meaufactur- non-optimality of fired sample size, fixed sampling
ing, n the following areas. incoming material interval procedures, the Shewhart control chart has
inspection, surveillance of the production process, gained widespread use because of its flexibility,
estimation of lot or process characteristics, process simplicity of administration and the additional in-
capability analysis, and finished product quality formation about process performance often contained

auditing. in the pattern of points plotted on the chart.

Traditionally, acceptance sampling and process Considerable effort has been devoted to deve-
ontrol schemes are designed with respect to statis- loping economic models of Sh ewart control chart.

tical criteria. For example, one may choose the sam- These models usually assume that the process is
ple size and acceptance number for a single-sampling characterized by one in-control state that represonta
plan for attributes so that the operating character- the mean of the quality characteristio. when no

Istic curve passes through (or near) two points assignable causes are present, and a k I out-of-
specifically selected to give certain probabilities control states. The probability model that governs
of lot rejection at specified levels of lot or pro- the transitions between these a + 1 states is called

case quality. Similarly, one may design a control the process failure mechanism.
chart so that the power of the chart to detect a

particular shift In process quality and the probabi- Costs and Measures of Effectiveness
lity of false alarms are equal to specified values.

ihile the traditional approach often produces accep- Three categories of costs are usually consid-
table results, it is also possible to design accep- ered In the development of economic models for
tance sampling and process control schemes with. re- Showhart control charts. the cost of sampling and
epact to economic criteria. This has considerable testing, usually of the form &I + a2 n, the costs of
Intuitive appeal since there has been an increasing investigating and possibly correcting action signal,
emphasis on quality costs in recent years. frthsr- *sand the cost of producing defective items (internal

more, the use of these techniques have direct ecooo- and external failure costs). These costs are tht
sic comsquences in that one is balancing the costs combined to form a total cost per unit time function.
associated with sampling, testing and process suy- The genaral approach is to define a cycle as the
veLlanca against Internal and external failure length of time T durinS which the process begins
costs. Since the design of the procedure affects operating in the in-control state and eventually re-

these costs, it is logical to consider this design turns to the in-control state following a process

from an economic viewpoint, adjustment.
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If C is the cost incurred during a cycle, then Dividing (4) by (2) gives the expected net In-

the expected cost per unit time is come ptr hur, say

E(L) - E(C)/E(T) (I) E(1) - V0 - E(L) (5)

Since E(C) and E(T) are functions of the design par- where
enters of the control chart, numerical optimization
(direct search) techniques can be employed to find E(L) - (&1+a2n)/h
the parameter values that minimize the expected cost
pr unit time. + ta4 [h/(l-p) - t + gn D 0]

Basic Process Models + + /

The fundamental process model often used in + 3 0

economic design of the Shewhart control c.,art is due # 1 + T + gn + D] (6)
to Duncan (71. His work was the first to deal with
a fully-economic approarh to control chart design
and to explicitly consider the optimization problem. snd ag - V o - V1 is the penalty cost (per holr) re-
The Duncan model assumes a single assignable cause suiting from production in the out-of control state.
(thus s1) and that transitions between the n- Maxinizn E( ) Tn (5) is e isvalent to minimeizinr
control and out-of-control states occur according (L) an (6). There are three decision prmete,n, k and t. (the function 1(L) depends o the width
to a Polsson process with intensity A occurrences of the control limits k through n and A); and nine
per unit time. Thus the length of time the process usesuppl linitsnk th a ci the prducinre~es i conrol gien tat c sartsin hatuser-supplied constantt that describe the production
remains in control, given that it starts in that process, &1, a2, &3- a3 , &, , D, and 6 the meg-
state, is an exponential random variable with mean nitude of the process shift (which is involved in
1/A. This is equivalent to a process failure mech- determining a and ).
anism with a uniform hazard function.

The cycle consists of four periods: (1) the While this basic process model could be used
i-control period, (2) the out-of-control period, (3) in many situations, there are a number of variations

the time to take a sample and interpret the results that are potentially importent. The first of these
and (4) the time to find the assignable cause. As- is the ncorporation of more than one out-of-control

Sthat the process continues to run duringuan ] has geeralied the cot modelsing h r o eabove to a situation where there are a out-of-controlsearches, the expected cycle l.egth is states (aesignable causes). Knapperberger and Gram-
- lX +* hWl-f) - T + g + D (2) dagse [131 also present a model capable of treating

(T) - /several out-of-control states. The Duncan modal

where h is the sampling Interval (in hours), I -appears somewhat more realistic in that it employs
Ihe s the eroft charteorv detecing horspecified diffeient search costs for different assignablei the power of the chart for detecting a specified causes, while the Kneppenberger and Crandage model
out-of-control state, n is the sample sie, .g is uses an average or composite cost. On the other
the tinm required to take and interpret a sample, D hand, thq Knappnberger and Grandage model allow
.1 the expected time to find an assignable cause and continued process deterioration beyond the Initial

(J~l)h (J+l)h shift, while the Duncan model allows only one or two
-ttshifts to occur. Both models are considerably more

I
"  t 

A(t-Jh)dt I "
-

t 
Adt sophisticated in terms of their data requiramenta

j jh tthan (6) above. Furthermore, there is considerable
evidence that a single assignable cause model that

- (I - (l+Ah)e 
- h ] / A(l-eh) (3) matches the true multi-state system In important

,athe expected t occurrence o shways will be a satisfactory approximation. Specifi-
time of ofthe shitt cally, if we let the single out-of-control state be

givee that it occurs betweens the jtn and (J+1)i a weighted sverage of the s out-of-control states
esaplee. with the weight. chosen proportionally to the proba-

bility of occurrence of the state, excellent results
arte obtained. In practice, there is probably littleoperation in the in-control and out-of-control reason to use a multiple out-of-control state model

states, respectively. The costs of investigating in mst situations.
real ad false alarms are a3 and a 3 , respectively.
Uiceera are 1(T)/h samples par cycle d An/ The assumption of a constant hasard function
(l-e- " false alarms per cycle, on the average, the for the process failure mechanis (as exponential
xpeeted net lcoe per cycle is dietr/nstion for the time between shifts) is criti-

)(T)/h el. If the occurrence of assignable causes can be
I(C) 1 0V(lI) (a 1 4t 2n) thought of as random "shocks" distutbmg the systm.

then the probability of a thift occurring within any
+ VIE/(iLAI) - + go + DI mell Interval of tin* is proportional to the length

of the interval, and the expoanetial model is prob-
-Ah ably appropriate,. Roweer, if esslgnbls causes

a 3 -e 3 a "  / (1-* (4) occur as a result of the cumulative effects of vibra-
tion ot host, bmproper st-up, or excessive stresss
during start-up, as is the case with many production



proceses, then the ExpuvnelntihI model may be entirely to any type of Shewhart control chart. For example,

inappropriate. Distributions with either increasing if tl:e quality characteristic of interest is a men-
or decreasing hazard functions may be more reasonable. surement described by the process mean, then the
Kisspecification of tbis aspece of the process model x-cLart would be used; thus equations (9) and (10)
may have very serious economic impact. Unfortunately, become
It is not straightforward to incorporate other process
failure mechanisms in (6). A discrete-time, single- a - 24(-k)
cause model that allows free choice of the process
failure mechanism has been developed by Baker [21, and
but as it assumes that a sample is taken at the end
of each period, the optimum intersaimple interval can- I - - ( k) +(- -k)
not be explicitly determined.

respectively, where O(z) denotes the standard normal

The assumptions in (6) that the process contin- distribution function.
ues in operation during the search for ar. assignable
cause and that the co.t of repair is not included are The major applications of cost models such as
unrealistic for many processes. Fortunately, (6) may those in the previous section have been to the x-
be easily modified to consider these possibilities. chart, the xi/R chart combination, and the fraction

If D0 and D1 are the expected suarch times for false defective or p-chart. Some work has also focused on
and real alarms, respectively, and if . is the cost procedures for the simultsnaous control of several

of repair, then asouming that the process is shut related quality characteristics, and the treatment
down during the search leads to an expected net In- of non-Shewhart control charts such as the cumlative

come per unit time of sum control chart and the use of warning limits on
the i-chart. Almost all reported studies assume that

Z(I) - V0 - E(L) (7) the process failure mechanism is exponential. As
noted earlier, this is a critical and sometimes un-

where warranted assumption. For an extensive review of the
literature in this ares, see Yontgomery (141.

2  + b/(-B - "/ Most of the papers cited iu 14] contain numer-

[a-Ah(D + ) ical studies and usually, a sensitivity analysis.
- a3 + & + - 0  3  From these results, it is possible to draw certain

general conclusions about control chart desfign:4. VDo 4 lbI(l-0) - 1
1. The optimum sample aso is largely determined by

+(/1 h/(l-0) -T -+ aD oh/ the size of the shift, with smaller shifts re-
o quiring larger samples. Small shifts may require

(I-a ' h) + D1  
X= largo sample, possibly as large as n-40 or

1~Mr are n m chart.

For a "tgailed development of this nodal. see 1wot- 2. Changes to a1 ad aZ, tbo fixed and variable costs
1[]. Note that given a 1 , a2, a3 , •. , of samplin, affect all three design parameters.

A, V, Dg, Dig and the asitude of the process shift, Vol bottom ampls and leAs usually to slightly
(i) 2ect s ea ly optimized for n, h, and k using lrger amples, while increasing the variable cost
direct search mthods. t usually results In small, Infrequest Samples,

lmr AMl10twcae but narrow ceatrol limits.

3. The penalty cost for out-of-control production
Suppose that the quality characteristic of in I hIinfluences the interval between sa-

terest is represented by the parameter 5, and that x 7ta l Larger te ae i etw oti

represents the sample statlstic corresponding to 0. *ealL es of b.. A smoberved
uns valu;* of h,. A sa~lar efect is observed

Thee are tvo possible values for 0; 0 - 0 caorres- by tncesisng 1, the mean nusber of process
pending to the in-control state ad 6 01* which sit a ot
represento the out-of-control state. Then the pro- h per hour.
bebility of a false alarm In 4 Tke s*ebc costs a3 and aj mainly effect the con-

trel Imtse, ad have a hgbt effect on ample
els. Lager valueas o 3 and a3  emlt in wi-
der control limits and larest ample s01es, as

sad Ohe pere of the control chart is tncreasing satch tosts imply that fever false
claim are destrable.

- I - P (M A x S CL I I # e) (0) S. The optima ecorele control chart desig is

icre 1L and UCL *ad tbg Iewa sd upper control relatively letasitive to etimte of the cost

lmtits en the Shshert contral chart. Thus by ape- parameters. The cost eurfaces are usually flat

cifyine the quality ehaeaccarlftt, the ample sta- near the optioa, emnd we ,asallt steeper sear

tsc, and the releva t ampling distribution, the the origin, so that It is better to overesttmte
ost mdsof the previous seti tbonoudbe pied the control chart design psrimeters than to un-

con Wodele of the iwevius section could be applied derestimate them. The optima desig is mst

I



sensitive to errors in ostimating thie in- Once the optinal n and k are determined, the inter-
control and out-of-eontrol states (or the mag- val bet een sanples could be obtained from
nitude of th- process shift).

This last finding has important practical impli- h- 5' 3 4 a l + 2 15
cations, for it is often difficult to precisely esti- As41(1-3) " ' - 0.51(15)
mate costs. Rowever, the rean time between shifts
and the magnitude of the process shifts are usually
more easily determined from process perf,:rance This is an approximation for the optimum sampling
data or from the engineer's knowledge of the opera- interval h given n and k suggested by Duncan (71
ting environment. Note that one should exercise and Chiu and Wetherill (4].
caution in using arbitrarily designed control charts
and empirical "rules of thumb", such as n-5, k-3 and These formulations of the optimal control chart
h-1 for the ;-chart. In some cases, particularly design problem have not been extensively investi-
those with small shifts and large penalty costs gated. It would be of interest to discover how they
for production in the out-of-control state, signifi- compare with the fully-economic solutions, and with
cat economic penalties may result, the standard designs often suggested in the litera-

ture.
A Semi-Economic Approach

ECONOMIC ASPECTS OF ACCEPTANCE SAMPLING
Instead of the fullyeconomic modeling approach

outlined above, It may be desirable in some cases to There era various types of acceptance sampling
use a semi-economic scheme that blends both economic scheses; single sampling, double sampling, sequen-
and statistical criteria directly. This could be tial sampling, continuous sampling, and so forth.
useful in situations where the analyst is unwilling The quality characteristic being inspected ay be
or unable to estimate all of the fully-economic either an attribute or a variable. For various
mQdel'e cost parameters, or where he wishes a com- reasns, more attention has been given to attributes
promise between the fully-economic and purely statis- sampling, and, in particular, single sampling plans
tical approaches. for attriutes have been studied extensively. We

now give some of the key results pertaining to the
One such semi-economic scheme would be to find economic design of these plans and briefly survey

the values of n, k, and h that minimize the expected some of the other related work.
smpi.StS costs per cycle, but that also have desir-
able average run length* for the control chart in An attribute single sampling plan is Indexed by
both the in-control and out-of-control states. Con- three numbers: the lot size W, the sample size n,
sequeotly, we would like to choose n, k, and h so as end the acceptance number c. If, in a random sam-
to ple of size n, c or fewer defectives are found, the

lot is accepted, while if more than c defectives are
minimize Z a (aI+& 2n) Z(T)/h (11) found the lot is rejected. The probability of lot

acceptance is

maximize ARL 0 - 1/a (12) (N) ( )/( (tKO 4 n-d It (16)
mfInmie ARL 1 . 1/ (.1-0) U31 d"

where 6 i the lot fraction defective. The plot of
%bere ARLO and ARL 1 are the average run lengths in P(O) versus 6 for 0 & 0 s I is called the oparat&g
the In-control and out-of-control states, respec- characteristic curve (or OC curve) of the plan.
tively, and ZiTY is given by equation (2). Recall Traditionally, ws design acceptance sampling plans
that a and 1-B are functions of the sample size n, (i.s., choose a and c) so that P(O) passes through
USe control limit factor.k, and the aem itude of or near two points, such as the familiar producer's
the shift. Note that this is a oulticriterion opti- and consumer's risk points (AQLA) and (LTPDB).
esastis probles, sad would generally be harder to When N is large relative to n, the hypergeometric

.solve thn the optimization problems usually asso- distribution in (16) can be replaced by the binomial.
ciated with the economic design of control charts.
Never, it avoids explicit estimation of the search Prior Distributions for Attribute amlia

toSo s sad &3, and the penalty cost for production
I* the out-of-control state a&, which many analystt Lot fraction defective 6 is a function of two
fLa difficult. sources of variability; the variability of p the

process fraction defective, and the variability of
Another possible frmulstio Is to minimie the 6 about p. It is usually convenient to assume that

ameli8 cost on a per saple basis while simlts- lot quality has a mixed binomial distribution; thatmactaly Gm Jalit A L 0 an minimizing 41L1. Thug, iS, each lot is produced by a production process
(11) becme that is in-contral at the level p, but p varies from

i1n3i5 '1 0 a 2 (14) lot to lot according to a probability distribution
I + a2 () f(p). The distribution f(p) is often called the

prior distribution for p or the process curve. It
for a 1 1, ad (U) and (.13) are unchanged. This is extremely important to mote chat if the process
formulation of the problem involves only n and k. quality is stable such that f(p) - I when p -PO

, --. .... - i lI ..- +- n~ ,+,+,,++ ..... : .++ o,m ,+



and f(p) - 0 when p 0 Po, then 'here is no need for where a is a ccnstant proportional to zhe variable
sampling (this result is called Mood's theorem: see co t of sampling and
Hood 1153).

While there are many possible choices ior the p(p) ) P pd(1-p),-d

prior distribution for p. some of the more important d-0
are the following: the continuous beta dist'ribution,

is the probability of accepting a lot of quality p.'

F(u+v) p? inimizing L with respect to n and c will produce
f (p 3(U.v) - p),- (17) the optimal sapling plan. This is sonetimes called

the Bayesian approach to designing a sampling plan.

the discrete two-point binomial, The major focus of the research in this area has

P(p L) f -1,2, (18) started with the Guthrie and Johns model. Hald has
iir I been a major contributor in the field, along with

some of his coworkers. The major emphasis has been
and the normal-generated distribution on finding asymptotic relationships between n and c

for various process curves, and in producing tables
2 a 2 (1) suitable for use by professional practitioners. Hald

f(p) , - UpP .V_1-m) 1 9 [101 gives a number of significant findings in his

where p - *(-u). In practice, it is important to 1960 paper. One part of the paper Investigates the

know how accurately the prior distribution must be -compound hyperteometric distribution; that is, the

specified. Generally, the analyst does not possess probability distribution of the number of defectivesspecfie. nerliytheanaystdoesnotposess d in a random sample of site n give~n a prior distri-
sufficient information about the process to specify bution. The second part of the paper is directed
the orior with treat confidence. Fortunately. most
results indicate that precise apecificstioo of the towards actually finding optimum sampling plans forprior is not critical, provided chat a reasonable rectangular, beta, and double binomial priors. Aditribution is chosen. contcnuous prior diasrib - general solution is given assuming the linear cost
toe ta generally thought to be more appropriate model and inequalities are given for n and c. In

than discrete ones, and the beta distribution (17) 1965, Raid tll] provided tble for the double bins-
has been used extensively. However, when the under- misl prior and in 1968, Haid [12] provided tables

lying quality characteristic is a continuous variable for the beta prior, along with asymptotic relation-

that Us normally distributed within each lot and the ships between n and c, and between N and n.

man" of this quality charactetistic also has a nor-
mal prior, then the prior distribution for p has Despite the significance of Held's work, the

the form (19). The beta end noral-Senrstad dis- tables he has provided are often difficult to use

tributions can have very different shapes for the because of the large amount of information required.

use mew and variance, and so significant differ- An alternative approach consists of formulating an

ances in the optisal sampling plans nay result. For appropriate cost model and optimizing it for a spe-

further discussion of prior distributions, see cific problem using direct search methods. Consi-

Vatharill and Chiu [21]. derable work in this area has been dons by G.K. Ben-
nett, K.. Case, and J.W. Schlidt and their students.

The ljoc AMroaches to Sinzl. Sampling for For example, their 1972 and 1975 papers 13][17] deve-
Attributes ~op economic models for single sampling plans for

dealing simultaneously with multiple attributes. The

Given a suitable prior distribution and a set coat models consist of a component representing i

of costs or losses associated with sampling plan spection costs, a component representing the expec-

operation, it is desirable to choose the sampling ted cost of lot rejection, and a component represen-

plan parmeters that minimize the total cost. Per- tin& the 6xpected cost of lot acceptance. Pattern

hAps the most widely used and detailed model is search is used for model optimization. In general,

that of Guthrie and Johns [91. A simplified fore direct search methods are a very effective approach'
of this model is also presented by Baid 111]. The for determining economically optimal acceptance

model is a linesr cost odel. All linear cost for- spling plans.

mulations lead to the scme expected loss function. The economic ipct of te disposition policy for
Hald utilizes the concept of break-even g Plit r re cted lots has also been investigated. While
a fraction defective value at which it is just as there are a nuber of possible ot disposition pl-
costly to aecept as to reject the lot. The expected

icies, the two cases that have been investigated most
lose per lot Is extensively are therserejected lots are either

scrapped or screened (100 percent inspection). for
L as + 01-4) (p -p)[l-P(p)]f(p)dp work on lot disposition policies, see 81] end(201.

"- 0Other Work

There heve been many other studies devoted to
(P-Pr )?(P)f(Pldp (20) the economic design pf acceptance sampling plane;

for instance, a 1975 survey paper by Wetherill and
Chim [211 cites 25) references. While most of the
work focuses on single sampling for attributes, there



has been soce research on the economic design of very fev pr ctitioners have implemented any of these
more sophisticated sampling plans. For example, techniques (for example, see the surveys by Sanigs
Stewart. Montgomery and Ileikes [20] describe a proce- and ShLrland 116) and Chiu and Wetherill 151). this
dure for the selection of double sampling plans for is surprising, as most quality assurance managers
attributes based on prior distributiuns and costs. claim that cost reduction and increased productivity
Models are presented for the cases where rejected is a major objective of their function. In many

lots are either screened or scrapped. They note that cases, an experienced engineer could design an appro-

there is often little difference In cost between priate technique, perhaps even one that is nearly
economically optimal single and double-sampling plans. economically optimal, but the use of a formal econo-
However, when sampling costs are large, double sam- mic model to assist the analyst is a much more pre-
pling plans have much to offer. They also observe cise approach, leaving less to judgment. Further-

that arbitrary double-sampling plans, such as those more, there is often a significant economic penalty
in NIL STD 105D. may be very far from economically associated with the "standard", judgment designs su
optimum. frequently used in practice.

The effect of inspection error on sampling The implementation of these techniques requires
plan design has also received considerable attention. s computer program of the cost model and the optimi-
If an inspector misclassifiae good and bad items with zation procedure. The lack of availability of suit-
constant probabilities, the effect Is to translate able computer software has certainly slowed practical
the OC curve of the sampling plan. so that the actual Implementation. This is an important gap between
or effective OC curve is somewhat different from the theory and practice that must be filled before the
nominal or advertised OC curve. If the probabilities economic design of quality assurance techniques will
of misclassification are known, then one may directly become widespread.
incorporate this information into the economic design
of the sampling plan. Generally, the presence of ibny practitioners are reluctant to use these
Inspection errors implies that larger samples are techniques because of the difficulty in estimating
necessary. A good review of the literature in this costs, prior distributions, and other model parame-
area is in Dorris and Toots 16. ters. Fortunately. costs and prior distributions do

not have to be estimated with high precision, although
Very little attention has been given to accep- some other parameters, such as the magnitude of the

tance sampling by variables. Variables sampling is process shift, require more careful determination.
.not as widely used in practice as attributes sampling Sensitivity analysis of the specific model could
for several reasons: help the analyst discover which parameters are cri-

tical in his specific application. The availability
1. Variables measurement is often more expensive of efficient, interactive computer software would be

(difficult) than attributes measurement. of significant value in this respect.

2, A separate plan mast be used for each quality We will illustrate the use of a simple, inter-
characteristic. active computer program for the optimal economic

design of an i-chart. The program assumes that the
3. 'The estimation of fraction defective assumes a Duncei single-cause process model Is appropriate,

- normally distributed quality characteristic. If and requests the user to input values of al, a 2 , a3 ,
this asaemption is violated, the tail areas nay a, , , , , and D. The optimal control limit
be dramatically affected and the resulting frac- wldth k, interval between samples, and minimum cost
tion defective estimate Vessly in error. par unit time, are calculated and displayed for a

range of sample sizes, along with the a-risk and
4. It is possible to reject a lot without actually power of the control chart for each (n,k,h) combina-

finding a defectives, and this often upsets tton. The economically cptimal control chart design
both producers end consumers. may be found by inspection of the cost function val-

use to find the minimum. The output provided enables
reduce the required sample size, and that it does surface in the vicinity of the optitaum. The program

generally provide better information about the lot is written in FORTRAN for s CDC CYBER-74 computer,

or process quality. For work on the economic design and involves less than 100 lines of code. Txecution
of variables samplug plan, see Allor, Schmidt and times are typically one eecnad or lees. Further

Dennett [I], Schmidt, Bennett and Camse 118], and details of the program are Lvailable from the author.

IScmidt, Case and Benmett 119]. Reference [1] deals
with the situation where the quality characteristics Consider a manufacturer of non-returnable
are a uxture of attributes and variables. In all glass bottles for packaging a carbonated soft drink

of these studies, the approach taken is to formulate beverage. The wall thickness of the bottles iv an
a cost model and optimize it via direct search Imprtant quality characteristic. if the wall is

methods. too thin, internal pressure generated during filling
will cause the bottle to burst. The manufacturer

SO, CSZW=TS ON RVULAIHTATION has bean using i and R charts vith n-5, k3, end
taking samples every h-2 hours to control the pro-

The last 20 years have aeon the development of ease. le wishes to compare this w4b an economically-

amaeous techniques for the design of process control optimal design and estimate the savings.
and acceptance sampling schemes based on economic
considerations. However, the indication is that very Based on an analysis of the quality control



technicians' sa.laries, tile co.qts of the test equtr Figure I snows the' se.. a coviputer input and out-
neat, and the leng-h of tLn rvqui d, 'L t i e0'tL- put for this example. Note that the optimum design
ted that the fixed cost of taking a sample is zil.00, has n-5, k-2.99, h-0.76 hours (about 45 minutes). and
and the variable cost of sampling is. approximarCLy - . mum cost el $10.38 per hn&,r. Thus the implica-
$0.10 per bottle. It takes about one minute (0.0167 tion is that the ntnuf..Lurer's existing control chart
hours) to measure and record the wall thickness of a ,sigr is good wih respect to n and k, but that he
bottle. needa to $am- more frequently. The actual cost of

his cur- ., lpro:;edure is S12.05 per hour, or about 'a
The process is subject to several types of 16 percent penalty c.3st. While the savings per hour

assignable causes resultig in large shifts, typi- seem small, this is a continuous production process
cally of about two standard deviations. (Thie is operating three shifts per day, and the annual sav-
why the "standard" R-chart design n-S, k-3 has been ings are over $14,000.00.
used - it ts known to be reasonably offective for
large shifts). The previous six months of line per- After looking at the optimal 5-chart design, the
formance data indicate that the mean time between bottle manufacturer suspects that he may have incor-
process breakdowns is about 20 hours. Thus X-0.05 is rectly estimated the penalty cost of out-of-control
the parameter of the exponential distribution. The production (a4), and, at worst, he may have underes-
average time to investigate an action signal is one timated this parameter by 50 percent. Therefore, he
hour. Real alarms Incur a $25.00 search cost, on reruns the programwith a4$150.00 to investigate
the average, while false alarms, which are more dif- the effect of masspecifying this parameter. The com-
ficult to check out, incur a searcb cost of $50.00. puter output, shown in Figure 2, indicapes that the

optimum design is now n-5, k-2.99, h-0.62, with a
The soft drink bottler to whom the bottles are minioum cost of $13.88 per hour. Note that the pri-

sold has a policy of backchargIng the bottle manu- mary effect of increasing &4 by 50 percent is to de-
facturer for the costs of cleanup and lost production crease the interval between samples from 45 minutes
when an excessive number of defective bottles burst to 37 minutes. The program could be used in this
during filling. The past six months' experience manner to quickly and easily investigate the effects
indicatea that $100 per hour is a reasonable estimate of errors in specifying any of the model parameters.
of the penalty cost of operating in the out-of-control Based on this analysis, the manufacturer elects to
state. adopt a 45 minute sampling Interval, because it is

administratively simple and it will not require any
additional quality control technicians.

LENTER SYSTEM PARAMETERS:AI A2vA3A3PRZIMEA4.LAIIDADELTA O,D

1.00,1,25.O,50.0,10O.0,O.05,2.0,0.0167,1.0

O N OPTIMUM K OPTIMUM H ALPHA POUER COST
1 2.30 .45 .0214 .3S21 14.71

2 2.52 .,7 .0117 .6211 11.91
3 2.68 .66 .0074 .7835 10.90

2.94 .71 .0045 .9770 10,51
t 2.99 .76 ,0028 .9308 10.38
A 3.13 .79 .0017 .9616 10.39
7 3.27 .82 .0011 .9784 10.48
S 3.40 .65 .0007 .9880 10.60
9 3.53 .87 .0004 9932 10.73
10 3.66 .99 .0003 .9961 40.90
&1 3.78 .92 .0002 .9978 11.06
12 3.90 .94 ,0001 .9988 11o23

1"3 4.02 .96 .0001 .9993 11.39
14 4.14 .98 ,0000 .9996 11,6
is 4.25 1.00 .0000 .9998 11.72

,945 CP SECONDS EXECUTION TIME

Figure 1. Sample Computer otput



lENTER SYSTEM PARAMETERS:A1,A2,A3A3PRIEPA4,LAMBDA,DELTAP,,D

1.OO.I,25.0,50.0,15O.0,0.05,2.OO.0167,.0

0 N OPTIMUM K OPTIMUM H ALPHA POWER COST
1 2.31 .37 .0209 .3783 19.17
2 2.52 .46 .0117 .6211 15.71
3 2.68 .54 .0074 .7835 14.48
4 2.94 .58 .0045 .8770 14.01
5 2.99 .62 .0028 .9308 13.88
6 3.13 .65 .0017 .9616 13.91
7 3.27 .67 .0011 .9784 14.04
8 3.40 .69 ,0007 .9e80 14.21
9 3.53 .71 .0004 .9932 14.41

10 3.66 .73 .0003 *9961 14.62
11 3.78 .75 .0002 .9978 14.84
12 3.90 #77 .0001 .9988 15.06
13 4.02 .78 .0001 .9993 15.28
14 4.14 .80 .0000 .9996 15.50

.417 CP SECONDS EXECUTION TIME

Figure 2. Smple Croputer Output
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